An interplay between helicity, spinorial structures and Lounesto's
  classes by Villalobos, C. H. Coronado et al.
ar
X
iv
:1
90
9.
13
85
3v
1 
 [m
ath
-p
h]
  3
0 S
ep
 20
19
An interplay between helicity, spinorial structures and Lounesto’s classes
C. H. Coronado Villalobos1,∗ R. J. Bueno Rogerio2,† and A. R. Aguirre2‡
1Instituto Nacional de Pesquisas Espaciais (INPE),
CEP 12227-010, Sa˜o Jose´ dos Campos - SP, Brazil. and
2Instituto de F´ısica e Qu´ımica, Universidade Federal de Itajuba´ - IFQ/UNIFEI,
Av. BPS, 1303, CEP 37500-903, Itajuba´ - MG, Brazil.
Abstract. In this report we analyze the underlying fundamental aspects linking the helicity and
the dynamics of the algebraic spinors. We discuss some of their physical and mathematical features,
which are not quite clear for the spinors belonging to the well-known Lounesto’s classification [1].
We analyze how the right-hand and left-hand spinor components behave under action of parity
symmetry, by constructing spinors in order to study how the linking between the representation
spaces affects the dynamics of spinors. It will turn out that the only way to satisfy the Dirac
dynamics is by imposing the parity symmetry to connect the (0, j) ⊕ (j, 0) representation spaces,
and then any other way to connect it does not accomplish such task.
Moreover, we perform such analysis in the six classes of the Lounesto’s classification in order
to obtain information on the helicity, spinorial structure and the dynamics related to the spinors
that constitute given classification. As we will show, exclusively regular spinors are intrinsically
associated with the parity operator - and a peculiar feature of such spinors is that they are endowed
with single helicity. On the other hand, we highlight that all singular spinors, except for the type-6
spinor, are endowed with dual-helicity feature. Thus, a remarkably observation is that the Lounesto’s
classification embrace both single helicity spinors and dual-helicity spinors.
PACS numbers: 11.10.-z, 02.90.+p, 03.50.-z
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I. INTRODUCTION
The main goal of this communication is to carry out further investigations on the fundamental aspects of the
spin-1/2 fermions encompassed by the well-known Lounesto’s classification [1]. It is currently understood that spinors
can be characterized as: Dirac spinors (electron and positron), Majorana and Weyl spinors (describing neutrino and
massless neutrino1, respectively), Flag-dipole spinors [3, 4], and the recently discovered mass dimension one fermions
[5], which are strong candidates to describe dark matter. Here we analyse in detail the main aspects of each one
of the aforementioned type of spinors. The very idea of classify things may be accomplished by a given criteria.
Lounesto’s classification classify spinors according to the physical information encoded on it, thus, the criteria lies on
the bilinear forms. Such aforementioned amounts represents the physical observables. Bilinear forms are restricted to
a geometrical link - the Fierz-Pauli-Kofink identities. As one would see along the paper, Lounesto’s classification can
be divided into two distinct sets, a set which describe regular spinors and another set which describe singular spinors.
We will see that, contrary to popular belief, the regular spinors (also known as Dirac type-1, type-2 and type-3) do
not necessarily encompass Dirac spinors or spinors governed by the Dirac’s dynamics. To this group belongs any
single helicity spinor.
The concept of helicity plays an important role in modern particle physics. The helicity operator is defined as an
inner product between spin projection operators and an operator giving the direction of motion [6]. Our purpose is
to unravel how the helicity, [6] and the linking between the representation spaces are related to the spinor dynamics.
As it is well-known, all the relativistic fields must satisfy the Klein-Gordon equation, which represents basically the
relation dispersion between mass, energy and momentum. Besides that, the Dirac fermions are governed by the Dirac
dynamics [7], whereas the Majorana fermions are known to obey the Majorana equation. This equation is similar to
the Dirac one in the sense that it takes into account a four-component spinor, the Dirac gamma matrices and also
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1 Concerning to the neutrino physics, there exist also the non-linear Heisenberg spinors and the so called Inomata-McKinley spinors, which
belong to a subclass of non-linear Heisenberg spinors (see [2] and references therein). However, here we will not discuss the aspects of
these spinors. The reader must check the references to obtain more information, if necessary.
2the mass term, but it includes the charge conjugate spinor [8]. On the other hand, particles described by Flag-dipole
spinors, as well as the mass dimension one spinors, are only governed by the Klein-Gordon equation. [3, 5].
We start our analysis by defining both single helicity and dual-helicity spinors. To do that, we choose to work in
the spin-1/2 representation. After that, we review the main aspect concerning helicity and discrete symmetries, e.g.
parity and charge conjugation, and then we focus in determining which are the necessary conditions for the spinor to
be an eigenstate of each symmetry operator. Finally, we consider the Lounesto’s classification and analyze the main
aspects of the six classes of spinors.
The paper is organized as follows. Section II is reserved to define the eigenstates of the helicity operator. Once such
task is accomplished, we define both a single helicity and dual helicity algebraic spinor. Then, we will analyse the
interplay between the helicity and the representation space, in order to determine how such components are connected
under the action of parity operator, and also under the Wigner time reversal operator Θ. Section IV is reserved to
explore the charge conjugation operator C. We will study the necessary conditions to define an eigenspinor of the
charge conjugation operator, and then we define properly the structure that such spinor must carry to fulfill the
requirement of conjugation under C. Finally, section V contains some concluding remarks.
II. SOME CONCEPTS REGARDING PARITY, WIGNER OPERATOR AND HELICITY
The representation spaces (0, j) and (j, 0) are usually connected via parity symmetry P , which then leads to the
well-known Dirac single helicity spinors [7, 9]. However, if the link between the representation spaces is established
through the Wigner time-reversal operator in the spin-1/2 representation,
Θ =
(
0 −1
1 0
)
, (1)
which satisfy the relation [10]
Θ~σΘ−1 = −~σ∗, (2)
then, we get the Majorana, Elko and the dual-helicity Flag-dipole spinors [3, 5, 10], and consequently the Dirac
dynamics is no longer expected. Specifically, we can describe such relations among (0, 1/2) and (1/2, 0) spaces as
follows
(1/2, 0)
P←→ (0, 1/2), (3)
or
(1/2, 0)
Θ~σΘ−1←→ (0, 1/2). (4)
We can even use the composition of both parity and Wigner time-reversal operator to connect the representation
spaces, without any loss of generality. However, once parity is imposed, automatically the Dirac dynamics comes to
light (more details can be found in Ref. [11]).
Now, rotations R and boosts B for these representation spaces are given by
RR,L(ϑ) = ei~σ2 ϑnˆ
= cos(ϑ/2)1+ i~σnˆ sin(ϑ/2), (5)
and
BR,L(ϕ) = e±~σ2ϕnˆ
=
√
E +m
2m
(
1± ~σ · ~p
E +m
)
, (6)
where ϑ represent the angle of rotation and nˆ denote a unit vector along the axis of the rotation2. Let us now
2 Please, note that both the rotation and the boost operators change sign under P or T operation
3define the momentum in spherical coordinate system, i.e., pµ = (E, p sin θ cosφ, p sin θ sinφ, p cos θ). Thus, the helicity
operator reads
~σ · pˆ =
(
cos θ sin θe−iφ
sin θeiφ − cos θ
)
, (7)
where ~σ represents the Pauli matrices. Then, equation (7) allows to define the rest spinors (in the Weyl representation),
i.e., the eigenstates of the helicity operator reads,
~σ · pˆ φ±R/L(kµ) = ±φ±R/L(kµ), (8)
with3
φ+R(k
µ) = φ+L(k
µ) =
√
meiϑ1
(
cos(θ/2)e−iφ/2
sin(θ/2)eiφ/2
)
, (9)
and
φ−R(k
µ) = φ−L (k
µ) =
√
meiϑ2
(
sin(θ/2)e−iφ/2
− cos(θ/2)eiφ/2
)
, (10)
where we have defined
kµ
def
=
(
m, lim
p→0
p
p
)
, p = |p|. (11)
As observed in [5], the presence of the phase factor becomes necessary to set up the framework of eigenpinors of parity
or charge conjugation operators. From equation (5), one can verify that under a rotation by an angle ϑ the Dirac
spinors pick up a global phase e±iϑ/2, depending on the related helicity. However, this only happens for eigenspinors
of parity. For the eigenspinors of charge conjugation operator, the phases factor must be ϑ1 = 0 and ϑ2 = π. Thus,
the phase factors are responsible to ensure locality [5].
The presence of the mass factor in (9) and (10) is chosen in such a way that in the massless limit the (j, 0)⊕ (0, j)
rest spinors identically vanish, since there cannot be massless particles at rest [12]. For consistency, the interaction
amplitudes must have the factor mj , where the superscript j is the spin of the associated particle [13]. It is worth
pointing out that the relation φ±R(k
µ) = −φ±L (kµ) should not be neglected when dealing with antiparticles, as it has
been already noticed and highlighted in [9, 14].
To define such components in a momentum arbitrary reference frame, we must perform a Lorentz transformation,
φR(p
µ) =
√
E +m
2m
(
1+
~σ · ~p
E +m
)
φR(k
µ), (12)
and
φL(p
µ) =
√
E +m
2m
(
1− ~σ · ~p
E +m
)
φL(k
µ). (13)
Now, we introduce the parity operator P , which inverts the velocity direction, P~v → −~v and P~p → −~p. Moreover,
the generator of Lorentz boosts changes sign, whereas the generators of rotations keep it unchanged. Thus, by acting
with the parity operation on the right-hand and left-hand components, we get
PφR(p
µ) =
√
E +m
2m
(
1− ~σ · ~p
E +m
)
φR(k
µ), (14)
3 The correct form to display such components is φ+(kµ) and φ−(kµ). The label right-hand and left-hand comes from the manner that
each one of these components transforms under Lorentz Transformations.
4and
PφL(p
µ) =
√
E +m
2m
(
1+
~σ · ~p
E +m
)
φL(k
µ). (15)
This is equivalent to,
PφR(p
µ)→ φL(pµ), (16)
and
PφL(p
µ)→ φR(pµ), (17)
which means that parity connects the representation spaces by transforming the right-hand spinor to left-hand one,
and vice-versa. Now, let us analyze the other possibility of connecting the representation spaces, by employing the
Wigner time-reversal operator. By using of the relation (2), we can write
[ζ1Θφ
∗
L(p
µ)] =
√
E +m
2m
(
1+
~σ · ~p
E +m
)
[ζ1Θφ
∗
L(k
µ)], (18)
and
[ζ2Θφ
∗
R(p
µ)] =
√
E +m
2m
(
1− ~σ · ~p
E +m
)
[ζ2Θφ
∗
R(k
µ)]. (19)
Considering the transformation properties of the right-hand and left-handed spinors, we can see that relations (18)
and (19) imply that if φR(p
µ) transforms as (1/2, 0), then [ζ2Θφ
∗
R(p
µ)] transforms as (0, 1/2) spinor, and similarly if
φL(p
µ) transforms as (0, 1/2), then [ζ1Θφ
∗
L(p
µ)] transforms as (1/2, 0) spinor, as observed in [10]. Now, by applying
the parity operation on relations (18) and (19), we get
P [ζ1Θφ
∗
L(p
µ)]→ φL(pµ), (20)
and
P [ζ2Θφ
∗
R(p
µ)]→ φR(pµ). (21)
We remark that our spinors are very general, they are assumed to satisfy the KleinGordon equation and not necessarily
the Dirac equation.
III. ON THE SET UP OF SINGLE-HELICITY AND DUAL-HELICITY SPINORS
Now, let us consider ψ to be a given spinor which belongs to a section of the vector bundle PSpine
1,3
(M) ×ρ C4,
where ρ stands for the entire representation space D(1/2,0) ⊕D(0,1/2), or a given sector of such [15, 16]. Then, it can
be described in the Weyl representation as follows
ψ =
(
φR
φL
)
, (22)
which in its algebraic form reads
ψ =


a
b
c
d

 , (23)
where a, b, c, d ∈ C. Firstly, by considering the spinor (23) to have a single positive helicity, namely ~σ · pˆ ψ = +ψ,
where we have used that
~σ · pˆ φ+R = +φ+R, and ~σ · pˆ φ+L = +φ+L , (24)
5we get the following relations
b =
a sin θeiφ
1 + cos θ
and d =
c sin θeiφ
1 + cos θ
. (25)
Thus, we can write the positive helicity spinor as follows,
ψ(+,+) =


a
a sin θeiφ
1+cos θ
c
c sin θeiφ
1+cos θ

 , (26)
where the labels stand for helicity of the right-hand and left-hand components, respectively. Analogously, for a single
helicity spinor which carry negative helicity, we restrict the components to the following condition ~σ · pˆ φ−R = −φ−R
and ~σ · pˆ φ−L = −φ−L . Thus, one obtain the following set of relations
b = −a sin θe
iφ
1− cos θ and d = −
c sin θeiφ
1− cos θ , (27)
and then, the negative helicity spinor reads
ψ(−,−) =


a
−a sin θeiφ
1−cos θ
c
−c sin θeiφ
1−cos θ

 . (28)
Note that these single-helicity spinors do not necessarily satisfy Dirac dynamics. If we impose the Dirac dynamics,
then the parity operation must play the central role connecting the representation spaces. It is also worth pointing
out that another type of single-helicity spinors found in the literature are the Inomata spinors (RIM-spinors)[17],
which are governed by a non-linear equation and classified as regular spinor whithin Lounesto’s classification, showing
consistency with our line of reasoning.
On the other hand, we are also able to define a set of dual-helicity spinors by using a very similar procedure. Then,
by considering ~σ · pˆ φ+R = +φ+R and ~σ · pˆ φ−L = −φ−L , as well as ~σ · pˆ φ−R = −φ−R with ~σ · pˆ φ+L = +φ+L , we can write the
following dual-helicity spinors,
ψ(+,−) =


a
a sin θeiφ
1+cos θ
c
−c sin θeiφ
1−cos θ

 , ψ(−,+) =


a
−a sin θeiφ
1−cos θ
c
c sin θeiφ
1+cos θ

 , (29)
or in a more compact form,
ψ(±,∓) =


−bcd∗
|c|2
b
c
d

 . (30)
We notice that these dual-helicity spinors have the same form of the flag-pole and flag-dipole spinors in Ref [18]. The
spinor components of ψ(±,∓) are related by the Θ operator, which is responsible for connecting the two representa-
tion spaces. Moreover, a remarkably feature concerning dual-helicity spinors is the fact that they never satisfy the
Dirac dynamics. Therefore, such results lead us to conclude that the singular spinors, flag-pole, and also flag-dipole
spinors, carry dual-helicity properties, evincing the fact that the Lounesto’s classification besides single-helicity (reg-
ular spinors), also embraces dual-helicity spinors (singular spinors). This is the first time that this issue is reported,
and it is an important outcome of this work. Such results are extremely important. Thus, after all the previous
calculations presented, we have shown that the Lounesto’s classification present a strong dichotomy, since spinors can
be divided in two distinct sectors: one sector embracing single helicity spinors, and another composed by dual helicity
6spinors, namely
1. σ 6= 0, ω 6= 0, K 6= 0, S 6= 0,
2. σ 6= 0, ω = 0, K 6= 0, S 6= 0,
3. σ = 0, ω 6= 0, K 6= 0, S 6= 0,

 single helicity .
4. σ = 0 = ω, K 6= 0, S 6= 0,
5. σ = 0 = ω, K = 0, S 6= 0,
}
dual helicity . (31)
6. σ = 0 = ω, K 6= 0, S = 0. }Not well defined .
We choose to label class 6 helicity as “not well defined” due to the fact, as one can see in [18], that such spinors
always carry a null component. In this vein, we speculate that such feature do not allow one to well define the spinor
helicity.
IV. FORMAL ASPECTS OF CHARGE CONJUGATION OPERATOR: CONJUGACY AND ITS
LIMITATIONS
In this section, we will explore some important properties concerning the charge conjugation operation. Let us
consider the case when a given spinor is an eigenspinor of charge conjugation operator, which is defined as follows [5]
C =
(
O iΘ
−iΘ O
)
K, (32)
where O stand for a 2 × 2 null-matrix, Θ stand for the Wigner time reversal operator given in (1), and K stand for
the complex conjugation operation.
Regarding the structure of the eigenspinors of the charge conjugation operator, some questions naturally arise. For
instance, we wonder if a given eigenspinor of charge conjugation operator is also an eigenspinor of the parity operator
or vice versa?. Also, if such symmetry imposes any constraint on the helicity?. And if that symmetry depends on the
way that the representation spaces are connected?.
First, we will focus our attention on the spinors described by the equation (23). If we demand that such spinors
are eigenspinors of C, namely
CψS/A = ±ψS/A, (33)
where the upper index stand for self-conjugated and anti self-conjugated, respectively, then the spinor components
must satisfy following relations
a = −id∗, b = ic∗, (34)
with
||a||2 = ||d||2, ||b||2 = ||c||2. (35)
These constraints determine uniquely the eigenspinors of charge conjugation operator. In fact, if we impose CψS =
+ψS , we get
ψS =


−id∗
ic∗
c
d

 . (36)
And, by imposing CψA = −ψA, we have
ψA =


id∗
−ic∗
c
d

 . (37)
From equations (36) and (37), one is able to define the connection between dual-helicity spinors and the charge
7conjugation operator, and also to claim that only dual-helicity spinors which have the representation spaces connected
via Θ operator may be eigenspinors of charge conjugation operator. A concrete counterexample of this result lies in
the Elko dual-helicity spinors [5] (see also [3, 4]). Note that, Dirac spinors do not have the structure given in (36) and
(37), and then they can never satisfy (33). Although the dynamics in each class of Lounestos classification is still an
open issue, this fact shows us that there might be more types of spinors with unknown dynamics in the Lounesto’s
classification [19].
From the spinors given in (30) and (36) we can conclude that every dual-helicity spinor is a strong candidate to be
an eigenspinor of the charge conjugation operator. However, the opposite is not true, as it was stressed above. On the
other hand, since the equation (30) holds for flag-dipole and flag-pole spinors [18], we could infer that both spinors
should be eigenspinors of C. But it is also not totally true, since flag-dipole spinors are not eigenspinors of C, due to
the fact that its components do not satisfy (35). Moreover, the only spinor within the Lounesto’s classification that
can be an eigenspinor of C stand for flag-pole spinors, as the Elko and Majorana spinors.
V. FINAL REMARKS
In this work, we have explored the underlying concepts concerning the spinorial structure, parity, charge conjugation
and their relations with the representation space (1/2, 0)⊕ (0, 1/2). From the very definition of the eigenstates of the
helicity operator and the way that right-hand and left-hand components relate to each other, we have constructed
single-helicity spinors which do not necessarily obey the Dirac equation. Nonetheless, when parity is introduced to
connect both sectors of the representation space, the Dirac dynamics is automatically reached. Moreover, it was also
shown that single-helicity spinors do not satisfy the necessary conditions to compose a set of eigenspinors of the charge
conjugation operator.
On the other hand, the dual-helicity spinors must be necessarily defined through the Wigner time reversal, which
plays the role of linking the representation spaces. Such feature ensures the conjugacy under the C symmetry, as
it was shown in equations (30), (36) and (37). However, due to the fact that it does not carry the parity as a link
between the representation spaces, it can not be an eigenspinor of parity operator, and consequently do not obey the
Dirac dynamics. Besides that, not necessarily every dual-helicity spinor must be a eigenspinor of charge conjugation
operator, as it is the case of the Elko spinors [5], and also of the recently proposed dual helicty Flag-dipole spinors
[3].
For completeness, we have analysed some aspects of the regular and singular spinors within Lounesto’s classification.
We highlight that regular spinors (Lounesto’s classes 1, 2 and 3) are single-helicity objects. Regarding the remaining
classes, except for class-6, we point out that singular spinors are endowed with dual-helicity feature, being strong
candidates to carry intrinsic darkness. Then, the importance of our results lies on the fact that, unlike it was believed
in the literature, the Lounesto’s classification do not embrace exclusively single-helicity spinors, but also dual-helicity
spinors.
Finally, let us make some comments regarding the similar analysis at the quantum field level. By promoting a
set of spinors to play now the role of expansion coefficients of a given quantum field, and by imposing, for instance,
that it transforms under parity, we will find that such spinor coefficients must also transform under such symmetry.
Thus, the quantum field and the spinors would transform under the same symmetry [20]. On the contrary, if one
construct a quantum field composed by spinors that do not respect such transformation, then such quantum field will
not hold invariance under the given transformation [21]. This interesting issue deserves a deeper analysis, and it will
be considered in future investigations.
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